Journal of Magnetic Resonand&9, 46-59 (1999)

» | ®
Article ID jmre.1999.1759, available online at http://www.idealibrary.conl Iile %I.

The Accuracy of Distance Measurements in Solid-State NMR
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The accuracy with which distances can be measured using
dipolar recoupling experiments in solid-state NMR is investigated.
The relative precision of experiments in a three spin system versus
an isolated spin pair is found to depend very strongly on the
nature of the coupling Hamiltonian. The accuracy of distances
measured in even the simplified three spin system is seen to be very
poor for existing homonuclear recoupling Hamiltonians. This sug-
gests that it would be difficult to exploit broadband homonuclear
recoupling to measure geometrical information reliably in complex
spin systems. These conclusions apply equally to both single-
crystal studies and powder samples. In contrast, the presence of
additional spins has marginal impact on the accuracy when the
coupling Hamiltonians commute with each other, as in the case of
heteronuclear recoupling. The possibility of creating such a Ham-
iltonian for homonuclear recoupling using a suitable rotor-syn-
chronized pulse sequence is discussed. © 1999 Academic Press

INTRODUCTION

The measurement of internuclear distances via the dipo
interaction is fundamental to the application of solid—statg
NMR to molecular structure determination. The suppression

ever, the complexity of the spin dynamics in such couple
systems appears to have limited the applications of broadba
recoupling in multispin systems8(9). In this paper, we pro-
vide a quantitative description of this problem by considerin
the accuracy of the distances measured in such systems.
examine whether this difficulty is fundamental to multispin
systems, and to what extent it is dependent on the nature of t
coupling Hamiltonian.

THE ACCURACY OF DISTANCE MEASUREMENTS

We assume a basic exchange type experiment, as showr
Fig. 1, where sites are labeled duritg (usually by their
chemical shifts), allowed to mix under a dipolar coupling
Hamiltonian, and observed during. The results of these
experiments are a series of “exchange curves” for each pair
spins.

For simplicity we assume a single observation per roto
i:a/rcle, in which case the evolution can be described in terms
a single (average) Hamiltonian during the mixing time. We

0§sume that this Hamiltonian has the form

the dipolar interactions by magic angle spinning (MAS), which

is needed if sites are to be resolved by their chemical shift,
means that the residual couplings are too small for efficient
magnetization exchange and thus for accurate measurement of

N

H= E diniju [1]

i<j

the coupling. Hence, the dipolar coupling must be reintroduced

(1) if the homonuclear dipolar interaction is to be used

tyhereH; is the (recoupled) dipolar Hamiltonian adg is the

obtain structural information. This is usually done either b§fiPolar coupling between spirisandj,

selective recoupling, e.g., rotational resonari;e3( where the )
rotor frequency is matched to the chemical shift difference, or d. = Moty 2]

by a broadband recoupling pulse sequente5( 6, J com- Vo 2mry

bined with selective labeling to specify the spin pair of interest.

Sequential spin-pair selective experiments are, however, timghere r; is the internuclear distance. For example, in the
consuming, not to say expensive if selective labeling is r&F-driven spin diffusion experimentl@) using simple CW
quired. Hence the majority of recoupling pulse sequences hayn locking,H; is a scaled version of the normal high-field
been specifically designed to be broadband, that is, insensitha@monuclear dipolar coupling Hamiltonian,

to variations in chemical shift offset, in order to recouple
systems of more than two spins simultaneously. To date, how-

Hij = Pa(cos 6;) (21,1, — — lyly). (3]
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Hamiltonian rather than the dipolar coupling since the orier
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(/2), (/2), with the signal-to-noise levedi/«, wherew is the overall signal
' ' amplitude.

For the experiments being considered, the model function
a function of the distances (or the dipolar couplings];), the
inter-bond angle$;;, a phenomenological relaxation time con-
stant,T,, and the signal amplitude. If the dipolar couplings

FIG. 1. Pulse sequences for the experiments considered. After excitatigPe strong then the oscillatory magnetization exchange can
of single-quantum coherence (usually by cross-polarization fid)nthe spins '

are labeled during, and undergo polarization exchange during. A final 1ted o the poupl_lng/geometr!cgl parameters Wlthput signifi
712 pulse converts the magnetization into observable single quantum cofe@Nt correlation with the remaining parameters. This all&ws
ence, which is detected duririg. The mixing periods involve either direct to be restricted tor; and 6;. For weaker couplings, the
exchange of longitudinal magnetization, e.g., simple “spin-diffusion,” radiqe|axation parameters (|eT2) must be included in the calcu-
frequency driven recoupling}( 9), or the creation of multiple-quantum mag- |ation of E. It is important to note the correlation witla can
netization followed by reconversion to observable magnetization, e.g., usm?S be i in this limit. E le. if b |
the C7 sequence’( 25. arso be important in this limit. For example, if we observe only
the build-up of double quantum coherence between the coupl

spins, then the overall signal amplitude is very poorly detel

tational dependence often varies from one recoupling Hanﬁp-inEd in the limit where relaxation is sig'nificant. Hence, the
tonian to another. Note that chemical shift terms are assum relations bet\(vee.mz,. T> and the coupling terms become
to have been suppressed during the mixing time in order! portant, resulting in mpregsed error b.()un'ds. If, however, w
maximize coherence transfer via the dipolar coupling. observe thelecayof longitudinal magnetization or zero-quan-

Once we can calculate the exchange curves for a given s ik (éofherenr::e,. t,h,e? th'e sig?aﬂ amplri]tude is very :'vell dEti
system and set of dipolar coupling constants, the accuracy wi el romt ,eh'n't'? pomtslq 'tble exchange curr\]/e. en(ie, t/
which the dipolar couplings and derived geometrical valué§'® a“?” wit “b asd neg 'g'f € |mpagt on t e cc;qpmgh
can be measured can be determined straightforwardly by (AOMetric error bounds. So for experiments involving th
culating the CrarfieRao lower bounds (CRLBS) on the pa_recoupllng of double-quantum coherence, we select for zer
rameters of interest. These Cram@ao lower bounds (or quantum cohe'rence during the mixing period rather than ol
minimum variance bounds) are equal to the standard deviatisr V"9 the build-up of the 'double-quantum cpherence.
on the values of parameters measured by model fitfiag12. It is important to emphasize that the numerical values of th
An alternative way to calculate these same error bounds is fr&ficulated bqunds are only gppllcablg t(,) gxperlmental!y me
Monte Carlo simulation of the experimeritd), that is, repeat- sured values if the systematic errors in fitting the experiment
edly fitting a synthesized data set using different noise valygata are ag;\lflcantlg/ sm?IIer thgn the 'Iaﬁec_tsb?f random erhror
and measuring the standard deviation on the resulting disMpreover,'t.e humber of experimental varia 1es megnst .at
bution of parameter values. Such Monte Carlo simulations a|"v?-:,r‘0t 'reallstlc. to attempt to calculate the precision W'th whicl
however, extremely inefficient in comparison with the dire@ particular cri:gtance can be measuretlll TJSlngharE)artlf?ular ]E)ur
calculation and are only required in situations where the signgg44€nce- T_ IS gtudy IS goncerned solely with the effect of t
to-naise level is very poor. system Hamiltonian on distance measurement, and the num

The Cranie-Rao lower bounds are calculated via the HedC@l values presented below should not be taken as definitiv
sian matrix F. which has elements The errors for a particular experimental measurement shou

v be calculated from the covariance matrix returned from th
fitting procedure.

1k 39\ 09
Fij = p% Re{<a¢i) a¢J} [4] TWO-SPIN SYSTEMS

For the purposes of structure determination, we are mo
interested in measuring distances between structural un
Iwhose relative position might otherwise be quite poorly de
fined, e.g., between carbons in distant residues of a prote
Figure 2 shows a histogram of a selected subset of the carbc
'Wroon distances in the protein BPTI. Four sets of distinc
carbon sites have been selected; the backbone carbonyls,
C., C; and methyl carbons. The histogram is calculated fror
- AN _ Yy the distances between pairs of carbaensdistinct residues

s(¢) = Vi and cold;, ¢)) = VAR [5] . . - . . "

ViV which, since they have distinct chemical shift ranges, could i

principle be resolved in the 2D exchange spectrum. Clearly tf

Note that, by definition, the error bounds will scale linearlinteresting distances are those of at least 4 A. The experimen

t Tmix t

excitation | recoupling

wherey,, is the value of the model function at data painfout
of K) and o is the rms noise level. The model function i
described in terms of the set of parametérs

The standard deviationg(¢;), and correlations, cod;,
¢;), between the parameters are obtained from the covaria
matrix V, which is simply the inverse df:
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FIG. 2. Histogram of distances between carbons belonging to the sets of (peptide) carbanys, &d methyl groups on different peptide residues of
BPTI. The resolved peaks in the distribution are readily assigned to the distance between the carbonyl on one residug and Gy@Cthe adjacent peptide
residue. The rest of the distribution starting at abénA consists of the longer range distances that are critical for structure determination. The crystallogra
structural data were taken from Rei4j.

protocol therefore needs to be chosen carefully since these G:t@ve 1— 2 as well as the diagonal peaks, i.e., 1, 1 and 2, -
dipolar couplings are less than 120 Hz, before the scaling of thike exchange curve 2> 1 is identical to the = 2 curve and
coupling by the recoupling sequence. contains no new information and so is not calculated (althoug
Figure 3 plots the standard deviation of the measurementibfvould be included in a fitting). The precision of the mea-
the dipolar coupling as a function of internuclear separation feurement is necessarily a function of the sampling of the dat
an idealized spin-diffusion experiment with the Hamiltonian dfor simplicity and generality we choose a conventional lines
Egs. [1]-[3]. The model function consists of the exchangeampling, starting at zero and finishing at a maximum mixin
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FIG. 3. Standard deviation of the coupling(d), between two isolated spins as a function of internuclear distance, using a simulated ideal spin-diffu
experimentT;° = 8 ms,a/o = 25. The lower curves are for a single orientation truncated=at48 ms,r = 24 ms, and the internuclear vector parallel to the
magnetic field. For the powder curve (top), thangle was integrated over 350 steps. The points for the largest couplings are extrapolated since a very
number of crystallite orientations are required when the powder linewidth is very much larger than the fundamental linewidth.
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kHz

FIG. 4. Fourier transforms of spin-diffusion exchange curves between two spins in a powder sample with noise added (equalenéf) using C-C
separationsfo4 A (d = 120 Hz) and 2 A ¢ = 950 Hz). The coupling constant can be determined more accurately from the top curve.

time, 7. Note that the number of data points used in thgattern as the coupling decreases. As the coupling increas
calculationsK, is typically much larger than would be used irthe line becomes so broad that it disappears into the noise,
experimental practice, to ensure that the oscillation is propeillstrated in Fig. 4. Within the linewidth limit, the behavior
sampled. If the sampling is sufficiently dense, the standafi@lows that of the single crystal, while maintaining the intrin-
deviations simply scale with 3/K (15). The values of bounds sic loss in accuracy caused by the orientational variation of tt
have been “normalized” t& = 32 points throughout. coupling.

For experiments on single crystals—Ilower traces of Fig. For two-spin systems, the standard deviation of the distan
3—the standard deviation of the coupling is independent of itseasurements can be derived straightforwardly from the co
value for moderate values of the coupling. As the couplinging results. If we assume a general power law dependence |
becomes smaller than the linewidth, the standard deviatitire coupling as a function of distanck= kr™", then the error
rises rapidly s(d) o« 1/d. The critical value of the coupling at on the distances(r), is simply
which the gradient changes scales with but also depends to
some extent on the truncation of the signal. For poorly resolved s(d)nr D
couplings, the standard deviation can be markedly reduced by s(r) = ———— =rs(d)/nd, (6]
extending the sampling out to long mixing times (e.dl,)6
The f.'t.tmg of very p°°'.”y resolved couplings is, however, very \We can then define the “reliability” of the distance measure
sensitive to systematic errors. Rather than try to attempt to o . . . )

S . . ment, r(r), in dimensionless units as the reciprocal of its
optimize the sampling for each experiment, we ause 3T, .

standard error:
throughout.

The top curve of Fig. 3 shows the result of repeating the
calculation for a powder sample, that is, the signal is integrated r(r) = o nd/s(d). [7]
over the anglé between the field and the internuclear vector. s(r)

Since the coupling varies with orientation, the signals from

different crystallites interfere, resulting in a damping of th&hat is, a reliability of 10 implies that the error on the mea.
oscillations and, if the signal were to be Fourier transformedsarement of is an order of magnitude smaller than
characteristic broad lineshape. This has a dramatic effect on théf the log—log plot ofs(d) as a function ofl has a slope of
accuracy with which the dipolar coupling can be measured; @tthen the plot of (r) as a function of will have a slope of
best the accuracy (as quantified by the standard deviation of tifgg — 1). This is confirmed in Fig. 5, where the slopes for the
dipolar coupling) is almost an order of magnitude smaller thaingle orientation curve are 3 and —6 for the resolved and
that for a single orientation (with the same total signal). Counmnresolved limits, respectively. For the powder samp(g), «
terintuitively at first sight, the accuracy improves as the cou-"* in the resolved limit, i.e., the reliability of the distance
pling becomes smaller, until the fundamental limit imposed byeasurement falls fairly slowly (albeit from a much lower
the relaxation linewidth is reached. This can be simply ekase) as the distance increases. These limiting dependenc
plained, however, by the reduction in the width of the powderre essentially independent of the form of the Hamiltoniar
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FIG. 5. Reliability of distance measurement for the two spin system of Fig. 3, using24 ms.

although the behavior at the “transition” from resolved teelected by isotopic labeling or selective recoupling, it is nc
nonresolved couplings does depend on the Hamiltonian. On §fex clear whether the time evolution in multisite exchange ca
basis of Eq. [7], the accuracy of distance determination will g fitted reliably 8, 9). For the purpose of this paper, however,
optimized by choosing the Hamiltonian that recouples mogie are interested in the proof of principle and we assume th
strongly, not least because this maximizes the range of dige fitting of such systems is possible without significant dis
tances over which the couplings are resolved. tortions introduced by systematic errors. If it can be demor
We are now in a position to evaluate the effect of changingrated that distance determination in multispin systems

the nature of the coupling. For instance, we could make usejgfrinsically unreliable, even for this idealized situation, ther
second-order effects to introduce the dipolar coupling with gRere s little virtue in increasing the sophistication of the
r ° dependencel, 17. These “isotropic dipolar shifts” are model.

independent of orientation to first order. At some poaigf,the For our model three-spin system, we choose two carbc
reliabilities of_the_ distarjces ob.taineq using the new interaction .ai to pe separated by a typical C—C bond distance (1.52 £
and the classic dipolar interaction will be equal. FOF 1o, the i, the third, whose position is to be determined, variable. I
coupling,d, will fall off very quickly with distance, as will the particular we are interested in determining to what extent th

rellab|]|ty of F, cf. Eq. .[7]' Given the tgchnlcal difficulties presence of the strong C—C coupling between the notional
associated with measuring such effects, it would seemmthat C S
bonded carbons affects the precision of the determination |

3 interactions (including nu.cle'ar Overhauser gffects) are L%h_e position of the third nucleus. The position of the “probe’
likely to be useful forquantitativelong-range distance mea_nucleus is measured in polar coordinates with respect to one
surements in solid-state NMR. ) . ~ainp ) b€

the fixed spins. This is a natural choice of geometrical paran
eters, since the reliability of the measuredalue can then be
compared directly to the(r) for the corresponding distance in

Our real interest lies with multispin systems, and the twdbe two-spin system.

spin system considered above serves only as benchmarlVe therefore reduce the number of free parameters to
against which to compare the results for more complex sy&ngle linewidth parameter, and the polar coordinates)do,

tems. We assume an idealized experiment in which the sping6fthe third nucleus (see Fig. 6). The distance (or coupling
interest are sufficiently well isolated from the surroundingetween the fixed nuclei is not included as a parameter. Sin
spins that the signals can be reliably simulated in terms of #ns coupling will be correlated with the other parameters, thi
isolated multispin system weakly coupled to its environmeamounts to assuming that the strong coupling is known wit
by relaxation. Although resolved oscillations characteristic oélatively high precision. Such an assumption is reasonak
isolated spin systems are routinely observed for spin paikkhen we are measuring longer distances. Note that in a m

THREE-SPIN SYSTEMS
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diagonal structure of the Hamiltonian. The spin-diffusion
Hamiltonian divides into blocks of constant magnetic quantur
number (that is, two X 11 = +3 blocks and two 3x 31 =

+3 blocks), while the evolution under a double-quantum re
coupling Hamiltonian can be separated into twx 4 blocks

(I = =3 3andl = —3, 3. In both cases the evolution in

blocks with the samf| is identical, allowing the spin diffusion

(2 evolution, for example, to be calculated using a single 3
1524 matrix.
FIG. 6. Coordinates for three-spin systems. Single-Crystal Results

We first consider the simple case of a single crystal orier
tispin system of general geometry, the simple relationshigtion. Since the results will vary with orientation, we show
between coupling standard deviation and distance reliabilioply traces through the full two-dimensional plots of paramete
expressed by Eq. [7] breaks down. Hence, we only consider tiediability versus thex andy coordinates of the probe spin for
fitting of build-up curves directly to geometrical parametersone particular orientation. Figure 7 shows the results of th

The calculation of the evolution in the three-spin system igliability calculation as a function ot with y = 3A. The
considerably more involved than that in the two-spin systeromplex structure of the plots clearly reflects the comple
Not only has the Hilbert space doubled in size, but the redutature of the exchange dynamics in the multispin systems. Tl
tion in symmetry means that the powder averaging needs tolbeer diagram shows the reliabilities relative to the two-spir
performed over the two spherical angles that describe thgstem, that is, relative to the reliability of the measurement c
transformation from the molecular to the laboratory framéhe same distance in a two-spin system. The accuracy of t
Qur. For the simulation of the three-spin system to be efficierrgsults from the three-spin system is generally many orders
it is necessary to take advantage as far as possible of any blowgnitude lower, with the exception of a few special geome

10?
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FIG. 7. Reliability calculation for spin diffusion in a three-spin system for a single crystal orient&ign= (0, 0, 0). The upper plot shows the reliabilities
of r and#, r() = 2m/s(0), as a function ok for y = 3A. The lower plot shows the reliability of divided by its value in the corresponding two-spin system.
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FIG. 8. Reliabilities of the geometrical parameters in a three-spin system for a single crystal orierfigtios, (0, 0, 0), using the “weak coupling”
Hamiltonian of Eq. [8]. The upper plot shows the reliabilitiesraind 6, as a function ok for y = 3A. The lower plot shows the reliabilities ofdivided by
its value in the corresponding two-spin system.

tries. Broadly similar results are observed for other recoupling H= > 2d; il - [8]
Hamiltonians, such as the C7 average Hamiltonian. i<j

At this point it would appear that attempts to derive distance
information from multispin exchange curves are doomed fthis Hamiltonian has the same form as the Hamiltonian fo
failure, or at least unacceptably large errors (or unacceptablyteronuclearrecoupling using, for example, REDOR-basec
long acquisition times). The complexity of the evolution undegulse sequenced g, 19, and assuming that the homonuclear
the spin-diffusion Hamiltonian for three spins is not, howevecoupling can be neglected or removed. It is also relevant 1
fundamental to multispin systems, but is largely a consequersystems in which the dipolar couplings are so strongly scale
of the failure of the individual pair coupling terms to commut®y weakly anisotropic motion that they may be “weak” in
among themselves. This is also true of the various existifggmparison with chemical shift differencez}. Here we have
homonuclear recoupling Hamiltonians. If the pairwise interaghosen an Xx" form for the Hamiltonian rather than the?’
tion terms did mutually commute, then the evolution would brm so that it can be compared more directly with the expe!
significantly simpler. The evolution propagator could then HE1€NtS involving exchange of longitudinal magnetization con
factored into components arising from each pairwise couplingjdered up to this point. Unfortunately, as discussed in th
The spectra would then be given by simple convolutions of tRPPeNdix, it appears rather unlikely that such a Hamiltonia
spectra for individual spin pairs, allowing the coupling concan b€ generated for homonuclear recoupling. There is a go

stants to be determined with relative ease. The much redu&?&mce that. an gxperlment making use of such a Hamlltonlz
would be significantly more accurate for measuring longe

accuracy of parameter fitting in the multispin systems couplée ; o . .
yorp 9 pin sy P istances in multispin systems, since the effects of differel

by *homogeneous” Hamiltonians in part reflects the Imposs(':buplings (large and small) are completely independent. It |

b}(l;ty ?f S‘?p"’_‘ra“_”g the gvolutlon into contributions from Indl'noteworthy that REDOR has already been applied to syster
vidual pairwise interactions. ) o of multiple spins 21, 22.
For instance, we consider a “weak coupling” average Ham-giq e 8 shows the reliabilities calculated for the “weak

iltonian coupling” Hamiltonian in the model three-spin system. Al-
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though attempting to compare error bounds between very difs required among up to 8 processors. Even so, with a moc
ferent experiments is fraught with difficulties, it is clear that thdata set consisting of 6 exchange curves of 64 points, int
accuracy has been improved dramatically, to the point whegeated over 24,000 powder orientations, each data point r
the reliabilities in the two- and three-spin systems are fairtyuired about 5 minutes.
similar. Although the three-spin reliability is generally signif- Figure 9a shows the result of the reliability calculation for
icantly lower than the corresponding two-spin reliability, it cathe spin diffusion Hamiltonian in a powder sample, as a func
exceed the two-spin value; the added information in the difion of the position of the probe spin. As expected, the differ
ferent cross-peak build-up curves{22,1— 3, 2— 3) may ence between the precision of the two- and three-spin expe
result in the fitting to a three-spin system being less ambiguoments is much smaller for the powder sample than for th
than the corresponding fit in the two-spin system, especiaBingle crystal orientation considered earlier. The relative rel
when the two-spin coupling is poorly resolved. There are a feability is largest close to the spins, especially when the prok
special geometries for which the fitting is very inaccuratepin is close to the other fixed nucleus. That is to say, the strol
These points change with the orientation of the crystal, apeérturbing effect of a third spin actually improves the accurac
since in practice it would be necessary to perform experimems the distance determination, since the observed signal
with a number of different orientations in order to “assign” thetrongly dependent on position when all three spins are clos
signals, they do not pose a significant problem. Note how tfidis effect is very local, however, and for the long distances c
relative reliability settles to a constant value in the “unrenterest 4A), the reliabilities are typically less than 10 or
solved” limit at longer distances. This is also true for the spieven 1% of their two-spin values, with the exception of som
diffusion Hamiltonian, Fig. 7, except that this ratio is verynarrow ridges of relatively high accuracy. Unfortunately, the
much smaller (of the order of 16). reliabilities calculated from the powder-averaged signal cann
This suggests that, with suitable recoupling Hamiltonianbe simply analyzed in terms of contributions from individual
distances could be measured with high precision from singléentations. Hence, the detailed structure of Fig. 9 cannot t
crystals of compounds with nontrivial spin systems. As a rulegtionalized directly in terms of special geometries, as was trt
however, structures of compounds that crystallize well afer the single-crystal results.
determined by X-ray or neutron diffraction. Diffraction-based The corresponding contour plot for the weak coupling Ham
techniques are unable, however, to distinguish between spaittahian, Fig. 9b, is very different. There is considerably les:
disorder and temporal disorder caused by molecular motioariation in the relative reliability, which never drops signifi-
For such systems, NMR studies of single crystals, combinedntly below unity.In other words, the precision of the three-
with results from diffraction experiments, are a potentially ricepin experiment is about the same as that of the two-sp
source of information about dynamics in the solid phd&3®.( experimentAlthough the comparison of the precision of two
quite different experiments usually involves too many assumj
tions to be quantitatively useful, it is clear in this case that th
precision of the distances measured using a “weak couplin
Single-crystal studies remain something of a special castamiltonian in a multispin system are one or even two ordel
and for the most part, solid-state NMR studies involve powdef magnitude better than those recovered from a spin-diffusiol
samples. Hence, we need to calculate the reliabilities that arige Hamiltonian.
after integrating the signal over the isotropic distribution of To illustrate one of the major reasons for this difference, Fic
crystallite orientations. This orientation dependence of the cal® shows the evolution in time of the three diagonal peaks f
pling constants inevitably results in broad frequency domaiwo different coupling Hamiltonians. In the case of the spir
lineshapes. As we have seen for the two-spin system, tiiusion Hamiltonian, the strong coupling between the twc
accuracy is strongly limited by the relative difficulty of fittingbonded spins has effectively quenched exchange with the 1
the powder patterns, whatever the form of the Hamiltonian. Asote third spin. It is clearly impossible to determine the
a result, we might expect that the relative advantage of theupling (and the distance) between nonbonded spin pairs. |
weak coupling Hamiltonian could be reduced. definition, the strong coupling between the bonded spins ca
As has been observed previously, the calculation of deriviaet interfere with the evolution because of the weaker cot
tives of the model function with respect to the various paramlings under a Hamiltonian where the coupling terms mutuall
eters in the reliability calculation makes it extremely sensitiveommute. Hence, for the weak coupling Hamiltonian, Fig. 10k
to the quality of the powder averaging4). As a result, it is the polarization of the remote spin exchanges with the bonde
necessary to use a rather large number of crystallite orienspins. Clearly under these circumstances it is possible to fit tl
tions. Here we used 128 orientations and 208 orientations coupling (and the distance) of the remote spin.
distributed over a half-sphere. Fortunately powder averagingThis effect can be quantified in terms of the amplitudes o
can be straightforwardly implemented in a parallel fashion, atide various frequencies present in the time evolution. Th
the calculations were run on a Sun Ultra Enterprise 10000 wiime-domain signal in the eigenbasis of the system Hamiltc
the powder loop being divided into small “chunks” distributediian is given by

Powder Samples
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FIG. 9. Reliability of distance measurement in a three-spin system, relative to the two-spin case, in a powder sample using (a) the spin-diffusion
the “weak coupling” Hamiltonians. The distance,is measured with respect to the fixed nucleus at (0.76, 0) A.

(Q(1)) = D QLo (0)expi(w, — wt), [9] analytical expressions for the evolution in terms of the ratio c
rs the couplings, since blocks of the symmetrized Hamiltonia
are no higger than 2< 2. These formulas can be rather
whereQ and o(0) are the observable operator and the initi@lumbersome, however, and Fig. 11a shows the result of n
density matrix, respectively, and, is therth eigenvalue of the merical diagonalization of the Hamiltonian and the resulting
Hamiltonian, where spans the Hilbert space of the operatorstransition probabilities” as a function of the ratio between the
The termQLo.,(0) is the amplitude of the transition s that nominally weak coupling and the coupling between the fixes
has the frequencw, — w,. For simplicity we consider the spins. We are neglecting relaxation, and so this analysis is or
special geometry of Fig. 10 where the spins form an isosceligectly applicable to situations where the coupling is large
triangle, that is, the remote spin is placed equidistantly from thigan the effective linewidth.
two fixed spins such that the couplings of the remote spin to theWhen the recoupled Hamiltonian has the same form as tt
fixed spins are identical. This symmetry allows the furthdromonuclear dipolar interaction, Fig. 11a, there is a sing|
block diagonalization of the Hamiltonian and reduces the numenzero transition frequency; the remaining component of tt
ber of “allowed” transitions. Note that it is possible to derivevolution has zero frequency, i.e., it is a constant offset. As tt
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FIG. 10. Diagonal peak intensities for magnetization exchange in a three-spin system for a single orief¥gtien,(7/2, #/2, 0), under (a) the spin
diffusion and (b) the weak coupling Hamiltonians. The “probe” spin (leftmost panel) is placed symmetrically between the fixed spins at a distance of

distance to the remote spin increases, the transition frequettoy spin-diffusion Hamiltonian of Fig. 11a. Calculations of
naturally tends toward that of the bonded pair. More signifgistance reliabilities for powders show that the C7 double
cantly, its amplitude drops to zero. Since the fitting of thguantum Hamiltonian indeed performs significantly better tha
distance to the remote spin requires in effect the quantificatitre “spin diffusion” Hamiltonian, although not as well the
of this coupling, the reliability of the distance measurememteak coupling Hamiltonian, particularly at longer distances.
also falls rapidly. It is also worth noting that, since there is only

one frequency present, any errors in the estimate of the strong CONCLUSIONS
coupling (which is assumed to be known) will strongly affect
the quantification of the remote distance. In this paper, we have considered the precision of distant

Unsurprisingly, this Fourier analysis of the time evolution isneasurements obtained from fitting the evolution of a dipolal
simpler for the weak coupling Hamiltonian, Fig. 11b. There isoupled spin system. For two-spin systems, the determinatit
single oscillation of nonzero frequency present, whose fref distance information from exchange under the influence c
quency can be identified directly with the coupling between thike single dipolar coupling is straightforward. Leaving aside
remote and fixed spins (hence the linear slop of the log—lggestions of differing systematic errors, the accuracy is ma
plot). Because all the terms of the Hamiltonian commute, thmized by using the Hamiltonian that recouples the dipola
transition probability is constant. Hence, the reliability of thenteraction most strongly.
coupling measurement does not fall as rapidly with distance asThe more significant question addressed is whether it |
is the case for noncommuting Hamiltonians. feasible to determine geometrical information from systems

It is worth noting that this “dipolar truncation” effect variesmore than two dipolar-coupled spins. We have shown that tt
widely between different noncommuting Hamiltonians. Figuranswer is strongly dependent on the nature of the couplir
11c, for example, shows the corresponding plots for recoupliftamiltonian. Using existindvomonuclearrecoupling Hamil-
using the C7 sequenc@&)( or its more broad-band variantstonians, and in particular those based on the normal hom
(25). This Hamiltonian for the spin pair, j has the formH;; nuclear coupling Hamiltonian, it is clear that the complex
= cTy, + c* T, ,, wherec is a scaling factor. Although the interference between terms in a multispin system greatly r
different terms of this Hamiltonian do not commutgl, [, H;,]  duces the precision of distance measurement. This is especie
# 0, the suppression of the oscillatory components of thirie at longer distances where weaker couplings are “trul
magnetization as the distance increases is less marked tharc&ed” by the presence of much stronger couplings. As tt
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number of spins (and the number of free parameters) increases, Hy = T
the accuracy of the fitting can only diminish further. Thus, even
assuming that the experimental exchange curves can be confi-

. . . . ) erel, is the vector of spin operators|,( I, 1,,). The
dently fitted to simulations, it would seem that tpeecise W ! v pin op i Ty, 1)

measurement of distance information from the evolution (r)?atrix A describes the linear combinatiod,, being the co-
T . ) . efficient of thel,l, operator, etc. Hence, the heteronuclea
multispin systems is unlikely to be practical.

A notable exception occurs when the individual pair interHamiItonian had,, = 2 asits only nonzero element, while the
) S . .~ homonuclear coupling would be represented
actions of the Hamiltonian commute with each other, as is the piing P

case fotheteronuclearecoupling inl S systems if any homo-

nuclear coupling between thespins can be neglected. In this ( -1 0 0)
Ah0m0: .

AT [10]

case, added couplings simply cause sequential splittings of the 0 -10 [11]
spectral features. As farcouplings in the weak-coupling limit 0 0 2

in liquid-state NMR, the dipolar couplings in single crystal

samples can then be accurately measured. Even in the powdewe now find the form ofA such that all the coupling
where the simplicity of the single orientation signals is olHamiltonians commute. Terms that share no common spit
scured by the orientational dependence of the couplings, #est commute,Hi;, H,] = 0, as must terms with themselves,
accuracy of the results derived from three-spin simulations te,;, H;] = 0. Hence, the condition that the coupling Ham-
very similar to those obtained from simple two-spin systemistonians mutually commute rests on the commutators of th
This will also be true for larger spin systems. The simultaneo&srm [H;;, H,]. We can expand this commutator in terms of
measurement of large and small dipolar couplings not onfiye matrixA:

limits the need for selective labeling, but would allow the use
of known internuclear distances to calibrate the experimental

parameters, such as the recoupling pulse sequence scaling [His Hid = 12 LA Z i Ao [12]
factor. " e

The ideal would obviously be to findlromonuclearecou- = > linlen 2 AnArrnlins T ]- [13]
pling Hamiltonian that satisfied the condition that pair coupling mn’ m,n

terms all commute with each other. As discussed in the appen-

dix, it appears that this is unlikely with the conventional Fq this commutator to be identically zero, we require

approach to creating average Hamiltonians using rotor-syn-

chronized pulse sequences. While broadband homonuclear re-

coupling schemes are obviously appropriate for isolated spin > AnPwnllin lim] =0 Vm, n’".

pairs and for qualitative information on coupling strengths, mn

they would seem to be of limited application for quantifying

couplings in complex spin systems. Using the properties of commutators),[B] = —[B, A]
and [A, A] = 0, we can write this as

[14]

APPENDIX
E E AmnAm’n’[ljm Ijm’] + AmmAnn’[Ijm’- Ijn] [15]

m n>m'

In this appendix, we can consider whether it is possible to
use rotor-synchronized pulse sequences to create a zero-order
average Hamiltonian in which different pair coupling terms = 2 E (AnAmn = AnmAn) [ljn, il =0 ¥V m, n'".
commute with each other. mn>m

Although recoupling Hamiltonians that contained multiple [16]
spin coupling terms, such &gl 1., may be of interest in their
own right, we are here only concerned with Hamiltonians th&ince the sums ovean’ andn run uniquely over the nonzero
retain the normal form of a pair coupling Hamiltonian. In othecommutator pairingxy — z, xz — —vy, andyz — X, the
words, the coupling term for a given spin paij contains only condition that the Hamiltonian pairs commute with each othe
bilinear terms ini andj. Such a Hamiltonian can be written is reduced to

FIG. 11. Amplitude and frequency of the oscillations present in the evolution of the magnetization of the remote spin in the three-spin system for a
orientation using (a) a spin diffusion Hamiltonian, (b) the “weak coupling” Hamiltonian, (c) the C7 Hamiltonian. The amplitude and frequentytfansition
are drawn with the same line type, with a longer dashed line being used for the amplitude of any zero-frequency component. The remote spin i
symmetrically between the fixed spins and sheoordinate is the ratio between the coupling to the remote spin and the coupling between the fixed nuclei.
arrow marks the geometry of Fig. 10.
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ArBan = AnnAny VM, n’, m’, nwithn>m'. rank 2 terms. It thus appears theyclic rotor-synchronized
[17] pulse sequences cannot be used to create an average Ham
nian with the desired properties.
The general solution to this equationAs,, = a,a,, i.€.,
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