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The accuracy with which distances can be measured using
ipolar recoupling experiments in solid-state NMR is investigated.
he relative precision of experiments in a three spin system versus
n isolated spin pair is found to depend very strongly on the
ature of the coupling Hamiltonian. The accuracy of distances
easured in even the simplified three spin system is seen to be very

oor for existing homonuclear recoupling Hamiltonians. This sug-
ests that it would be difficult to exploit broadband homonuclear
ecoupling to measure geometrical information reliably in complex
pin systems. These conclusions apply equally to both single-
rystal studies and powder samples. In contrast, the presence of
dditional spins has marginal impact on the accuracy when the
oupling Hamiltonians commute with each other, as in the case of
eteronuclear recoupling. The possibility of creating such a Ham-

ltonian for homonuclear recoupling using a suitable rotor-syn-
hronized pulse sequence is discussed. © 1999 Academic Press

INTRODUCTION

The measurement of internuclear distances via the di
nteraction is fundamental to the application of solid-s
MR to molecular structure determination. The suppressio

he dipolar interactions by magic angle spinning (MAS), wh
s needed if sites are to be resolved by their chemical s

eans that the residual couplings are too small for effic
agnetization exchange and thus for accurate measurem

he coupling. Hence, the dipolar coupling must be reintrod
1) if the homonuclear dipolar interaction is to be used
btain structural information. This is usually done either
elective recoupling, e.g., rotational resonance (2, 3) where the
otor frequency is matched to the chemical shift difference
y a broadband recoupling pulse sequence (4, 5, 6, 7) com-
ined with selective labeling to specify the spin pair of inter
equential spin-pair selective experiments are, however,
onsuming, not to say expensive if selective labeling is
uired. Hence the majority of recoupling pulse sequences
een specifically designed to be broadband, that is, insen

o variations in chemical shift offset, in order to recou
ystems of more than two spins simultaneously. To date,
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ver, the complexity of the spin dynamics in such cou
ystems appears to have limited the applications of broad
ecoupling in multispin systems (8, 9). In this paper, we pro
ide a quantitative description of this problem by conside
he accuracy of the distances measured in such system
xamine whether this difficulty is fundamental to multis
ystems, and to what extent it is dependent on the nature
oupling Hamiltonian.

THE ACCURACY OF DISTANCE MEASUREMENTS

We assume a basic exchange type experiment, as sho
ig. 1, where sites are labeled duringt 1 (usually by thei
hemical shifts), allowed to mix under a dipolar coupl
amiltonian, and observed duringt 2. The results of thes
xperiments are a series of “exchange curves” for each p
pins.
For simplicity we assume a single observation per r

ycle, in which case the evolution can be described in term
single (average) Hamiltonian during the mixing time.

ssume that this Hamiltonian has the form

H 5 O
i,j

N

dijHij , [1]

hereHij is the (recoupled) dipolar Hamiltonian anddij is the
ipolar coupling between spinsi and j ,

dij 5
m0\g 2

2pr ij
3 , [2]

here r ij is the internuclear distance. For example, in
F-driven spin diffusion experiment (10) using simple CW
pin locking,Hij is a scaled version of the normal high-fi
omonuclear dipolar coupling Hamiltonian,

Hij 5 P2~cosu ij!~2I izI jz 2 I ixI jx 2 I iy I jy!, [3]

hereu ij is the angle between thei , j internuclear vector an
he magnetic field. We include theP2(cos u) factor in the
amiltonian rather than the dipolar coupling since the or

th
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47DISTANCE MEASUREMENTS IN SOLID-STATE NMR
ational dependence often varies from one recoupling Ha
onian to another. Note that chemical shift terms are assu
o have been suppressed during the mixing time in ord
aximize coherence transfer via the dipolar coupling.
Once we can calculate the exchange curves for a given

ystem and set of dipolar coupling constants, the accuracy
hich the dipolar couplings and derived geometrical va
an be measured can be determined straightforwardly by
ulating the Crame´r–Rao lower bounds (CRLBs) on the p
ameters of interest. These Crame´r–Rao lower bounds (o
inimum variance bounds) are equal to the standard dev
n the values of parameters measured by model fitting (11, 12).
n alternative way to calculate these same error bounds is
onte Carlo simulation of the experiment (13), that is, repea
dly fitting a synthesized data set using different noise va
nd measuring the standard deviation on the resulting d
ution of parameter values. Such Monte Carlo simulations
owever, extremely inefficient in comparison with the dir
alculation and are only required in situations where the sig
o-noise level is very poor.

The Crame´r–Rao lower bounds are calculated via the H
ian matrix,F, which has elements

Fij 5
1

s 2 O
n

K

ReHS ŷn

f i
D*  ŷn

f j
J [4]

hereŷn is the value of the model function at data pointn (out
f K ) and s is the rms noise level. The model function
escribed in terms of the set of parametersf i .
The standard deviations,s(f i), and correlations, cor(f i ,

j), between the parameters are obtained from the covar
atrix V, which is simply the inverse ofF:

s~f i! 5 ÎVii and cor~f i, f j! 5
Vij

ÎViiVjj

. [5]

ote that, by definition, the error bounds will scale linea

FIG. 1. Pulse sequences for the experiments considered. After exci
f single-quantum coherence (usually by cross-polarization from1H), the spins
re labeled duringt 1 and undergo polarization exchange duringtmix. A final
/2 pulse converts the magnetization into observable single quantum
nce, which is detected duringt 2. The mixing periods involve either dire
xchange of longitudinal magnetization, e.g., simple “spin-diffusion,” ra

requency driven recoupling (4, 9), or the creation of multiple-quantum ma
etization followed by reconversion to observable magnetization, e.g.,

he C7 sequence (7, 25).
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ith the signal-to-noise level,s/a, wherea is the overall signa
mplitude.
For the experiments being considered, the model functi
function of the distancesr ij (or the dipolar couplings,dij ), the

nter-bond anglesu ij , a phenomenological relaxation time co
tant,T2, and the signal amplitude,a. If the dipolar coupling
re strong, then the oscillatory magnetization exchange c
tted to the coupling/geometrical parameters without sig
ant correlation with the remaining parameters. This allowF
o be restricted tor ij and u ij . For weaker couplings, th
elaxation parameters (i.e.,T2) must be included in the calc
ation of F. It is important to note the correlation witha can
lso be important in this limit. For example, if we observe o

he build-up of double quantum coherence between the co
pins, then the overall signal amplitude is very poorly de
ined in the limit where relaxation is significant. Hence,

orrelations betweena, T2 and the coupling terms becom
mportant, resulting in increased error bounds. If, however
bserve thedecayof longitudinal magnetization or zero-qua

um coherence, then the signal amplitude is very well d
ined from the initial points of the exchange curve. Hence

orrelation with a has negligible impact on the couplin
eometric error bounds. So for experiments involving
ecoupling of double-quantum coherence, we select for
uantum coherence during the mixing period rather than
erving the build-up of the double-quantum coherence.
It is important to emphasize that the numerical values o

alculated bounds are only applicable to experimentally m
ured values if the systematic errors in fitting the experime
ata are significantly smaller than the effects of random er
oreover, the number of experimental variables means t

s not realistic to attempt to calculate the precision with wh
particular distance can be measured using a particular

equence. This study is concerned solely with the effect o
ystem Hamiltonian on distance measurement, and the n
cal values presented below should not be taken as defin
he errors for a particular experimental measurement sh
e calculated from the covariance matrix returned from
tting procedure.

TWO-SPIN SYSTEMS

For the purposes of structure determination, we are
nterested in measuring distances between structural
hose relative position might otherwise be quite poorly
ned, e.g., between carbons in distant residues of a pro
igure 2 shows a histogram of a selected subset of the ca
arbon distances in the protein BPTI. Four sets of dis
arbon sites have been selected; the backbone carbony
a, Cb and methyl carbons. The histogram is calculated f

he distances between pairs of carbonsin distinct residues
hich, since they have distinct chemical shift ranges, cou
rinciple be resolved in the 2D exchange spectrum. Clearl

nteresting distances are those of at least 4 Å. The experim

on
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48 HODGKINSON AND EMSLEY
rotocol therefore needs to be chosen carefully since these
ipolar couplings are less than 120 Hz, before the scaling o
oupling by the recoupling sequence.
Figure 3 plots the standard deviation of the measureme

he dipolar coupling as a function of internuclear separatio
n idealized spin-diffusion experiment with the Hamiltonia
qs. [1]–[3]. The model function consists of the excha

FIG. 2. Histogram of distances between carbons belonging to the s
PTI. The resolved peaks in the distribution are readily assigned to the

esidue. The rest of the distribution starting at around 4 Å consists of the long
tructural data were taken from Ref. (14).

FIG. 3. Standard deviation of the coupling,s(d), between two isolated
xperiment,T2

ZQ 5 8 ms,a/s 5 25. The lower curves are for a single orien
agnetic field. For the powder curve (top), theu angle was integrated ove
umber of crystallite orientations are required when the powder linewid
–C
he

of
r

f
e

urve 13 2 as well as the diagonal peaks, i.e., 1, 1 and
he exchange curve 23 1 is identical to the 13 2 curve and
ontains no new information and so is not calculated (altho
t would be included in a fitting). The precision of the m
urement is necessarily a function of the sampling of the
or simplicity and generality we choose a conventional lin
ampling, starting at zero and finishing at a maximum mi

of (peptide) carbonyls, Ca, Cb, and methyl groups on different peptide residue
ance between the carbonyl on one residue and the Ca and Cb on the adjacent peptid
range distances that are critical for structure determination. The crystallo

ns as a function of internuclear distance, using a simulated ideal spin-d
ion truncated att 5 48 ms,t 5 24 ms, and the internuclear vector parallel to
0 steps. The points for the largest couplings are extrapolated since a v
s very much larger than the fundamental linewidth.
ets
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er
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49DISTANCE MEASUREMENTS IN SOLID-STATE NMR
ime, t. Note that the number of data points used in
alculations,K, is typically much larger than would be used
xperimental practice, to ensure that the oscillation is prop
ampled. If the sampling is sufficiently dense, the stan
eviations simply scale with 1/=K (15). The values of bound
ave been “normalized” toK 5 32 points throughout.
For experiments on single crystals—lower traces of

—the standard deviation of the coupling is independent o
alue for moderate values of the coupling. As the coup
ecomes smaller than the linewidth, the standard devi
ises rapidly,s(d) } 1/d. The critical value of the coupling
hich the gradient changes scales withT2, but also depends
ome extent on the truncation of the signal. For poorly reso
ouplings, the standard deviation can be markedly reduce
xtending the sampling out to long mixing times (e.g., 6T2).
he fitting of very poorly resolved couplings is, however, v
ensitive to systematic errors. Rather than try to attem
ptimize the sampling for each experiment, we uset 5 3T2

hroughout.
The top curve of Fig. 3 shows the result of repeating

alculation for a powder sample, that is, the signal is integr
ver the angleu between the field and the internuclear vec
ince the coupling varies with orientation, the signals f
ifferent crystallites interfere, resulting in a damping of
scillations and, if the signal were to be Fourier transforme
haracteristic broad lineshape. This has a dramatic effect o
ccuracy with which the dipolar coupling can be measure
est the accuracy (as quantified by the standard deviation
ipolar coupling) is almost an order of magnitude smaller

hat for a single orientation (with the same total signal). Co
erintuitively at first sight, the accuracy improves as the c
ling becomes smaller, until the fundamental limit impose

he relaxation linewidth is reached. This can be simply

FIG. 4. Fourier transforms of spin-diffusion exchange curves betwee
eparations of 4 Å (d 5 120 Hz) and 2 Å (d 5 950 Hz). The coupling co
lained, however, by the reduction in the width of the powde
e
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attern as the coupling decreases. As the coupling incre
he line becomes so broad that it disappears into the noi
llustrated in Fig. 4. Within the linewidth limit, the behavi
ollows that of the single crystal, while maintaining the intr
ic loss in accuracy caused by the orientational variation o
oupling.
For two-spin systems, the standard deviation of the dist
easurements can be derived straightforwardly from the
ling results. If we assume a general power law dependen

he coupling as a function of distance,d 5 kr2n, then the erro
n the distance,s(r ), is simply

s~r ! 5
s~d!nr ~n11!

k
5 rs~d!/nd. [6]

We can then define the “reliability” of the distance meas
ent, r (r ), in dimensionless units as the reciprocal of

tandard error:

r ~r ! 5
r

s~r !
5 nd/s~d!. [7]

hat is, a reliability of 10 implies that the error on the m
urement ofr is an order of magnitude smaller thanr .
If the log–log plot ofs(d) as a function ofd has a slope o

, then the plot ofr (r ) as a function ofr will have a slope o
( g 2 1). This is confirmed in Fig. 5, where the slopes for
ingle orientation curve are23 and26 for the resolved an
nresolved limits, respectively. For the powder sample,r (r ) }
21.4 in the resolved limit, i.e., the reliability of the distan
easurement falls fairly slowly (albeit from a much low
ase) as the distance increases. These limiting depend
re essentially independent of the form of the Hamilton

o spins in a powder sample with noise added (equivalent toa/s 5 40) using C–C
tant can be determined more accurately from the top curve.
n tw
ns
r
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50 HODGKINSON AND EMSLEY
lthough the behavior at the “transition” from resolved
onresolved couplings does depend on the Hamiltonian. O
asis of Eq. [7], the accuracy of distance determination wi
ptimized by choosing the Hamiltonian that recouples m
trongly, not least because this maximizes the range o
ances over which the couplings are resolved.

We are now in a position to evaluate the effect of chan
he nature of the coupling. For instance, we could make u
econd-order effects to introduce the dipolar coupling wit
26 dependence (16, 17). These “isotropic dipolar shifts” a
ndependent of orientation to first order. At some point,r 0, the
eliabilities of the distances obtained using the new intera
nd the classic dipolar interaction will be equal. Forr . r 0, the
oupling,d, will fall off very quickly with distance, as will th
eliability of r , cf. Eq. [7]. Given the technical difficultie
ssociated with measuring such effects, it would seem than .
interactions (including nuclear Overhauser effects) are

ikely to be useful forquantitativelong-range distance me
urements in solid-state NMR.

THREE-SPIN SYSTEMS

Our real interest lies with multispin systems, and the t
pin system considered above serves only as bench
gainst which to compare the results for more complex

ems. We assume an idealized experiment in which the sp
nterest are sufficiently well isolated from the surround
pins that the signals can be reliably simulated in terms o
solated multispin system weakly coupled to its environm
y relaxation. Although resolved oscillations characteristi

solated spin systems are routinely observed for spin

FIG. 5. Reliability of distance measuremen
paiw
he
e
st
is-

g
of
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n

n-

-
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s-
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n
t
f
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elected by isotopic labeling or selective recoupling, it is
et clear whether the time evolution in multisite exchange
e fitted reliably (8, 9). For the purpose of this paper, howev
e are interested in the proof of principle and we assume

he fitting of such systems is possible without significant
ortions introduced by systematic errors. If it can be dem
trated that distance determination in multispin system
ntrinsically unreliable, even for this idealized situation, t
here is little virtue in increasing the sophistication of
odel.
For our model three-spin system, we choose two ca

uclei to be separated by a typical C–C bond distance (1.5
ith the third, whose position is to be determined, variable
articular we are interested in determining to what exten
resence of the strong C–C coupling between the notio
onded carbons affects the precision of the determinatio

he position of the third nucleus. The position of the “pro
ucleus is measured in polar coordinates with respect to o

he fixed spins. This is a natural choice of geometrical pa
ters, since the reliability of the measuredr value can then b
ompared directly to ther (r ) for the corresponding distance
he two-spin system.

We therefore reduce the number of free parameters
ingle linewidth parameter, and the polar coordinates,r andu,
f the third nucleus (see Fig. 6). The distance (or coup
etween the fixed nuclei is not included as a parameter.

his coupling will be correlated with the other parameters,
mounts to assuming that the strong coupling is known
elatively high precision. Such an assumption is reason
hen we are measuring longer distances. Note that in a

r the two spin system of Fig. 3, usingt 5 24 ms.
mul-
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51DISTANCE MEASUREMENTS IN SOLID-STATE NMR
ispin system of general geometry, the simple relation
etween coupling standard deviation and distance relia
xpressed by Eq. [7] breaks down. Hence, we only conside
tting of build-up curves directly to geometrical paramete
The calculation of the evolution in the three-spin syste

onsiderably more involved than that in the two-spin sys
ot only has the Hilbert space doubled in size, but the re

ion in symmetry means that the powder averaging needs
erformed over the two spherical angles that describe

ransformation from the molecular to the laboratory fra
MR. For the simulation of the three-spin system to be effic

t is necessary to take advantage as far as possible of any

FIG. 6. Coordinates for three-spin systems.

FIG. 7. Reliability calculation for spin diffusion in a three-spin system
f r andu, r (u ) 5 2p/s(u ), as a function ofx for y 5 3Å. The lower plot sh
ip
ty
he

s
.

c-
be
e
,
t,
ck

iagonal structure of the Hamiltonian. The spin-diffus
amiltonian divides into blocks of constant magnetic quan
umber (that is, two 13 1 I 5 63

2 blocks and two 33 3 I 5
1
2 blocks), while the evolution under a double-quantum

oupling Hamiltonian can be separated into two 43 4 blocks
I 5 21

2,
3
2 and I 5 23

2,
1
2). In both cases the evolution

locks with the sameuI u is identical, allowing the spin diffusio
volution, for example, to be calculated using a single 33 3
atrix.

ingle-Crystal Results

We first consider the simple case of a single crystal o
ation. Since the results will vary with orientation, we sh
nly traces through the full two-dimensional plots of param
eliability versus thex andy coordinates of the probe spin f
ne particular orientation. Figure 7 shows the results o
eliability calculation as a function ofx with y 5 3Å. The
omplex structure of the plots clearly reflects the com
ature of the exchange dynamics in the multispin systems

ower diagram shows the reliabilities relative to the two-s
ystem, that is, relative to the reliability of the measureme
he same distance in a two-spin system. The accuracy o
esults from the three-spin system is generally many orde
agnitude lower, with the exception of a few special geo

a single crystal orientation,VMR 5 (0, 0, 0). The upper plot shows the reliabilit
s the reliability ofr divided by its value in the corresponding two-spin syst
for
ow
 em.
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52 HODGKINSON AND EMSLEY
ries. Broadly similar results are observed for other recoup
amiltonians, such as the C7 average Hamiltonian.
At this point it would appear that attempts to derive dista

nformation from multispin exchange curves are doome
ailure, or at least unacceptably large errors (or unaccep
ong acquisition times). The complexity of the evolution un
he spin-diffusion Hamiltonian for three spins is not, howe
undamental to multispin systems, but is largely a consequ
f the failure of the individual pair coupling terms to comm
mong themselves. This is also true of the various exi
omonuclear recoupling Hamiltonians. If the pairwise inte

ion terms did mutually commute, then the evolution would
ignificantly simpler. The evolution propagator could then
actored into components arising from each pairwise coup
he spectra would then be given by simple convolutions o
pectra for individual spin pairs, allowing the coupling c
tants to be determined with relative ease. The much red
ccuracy of parameter fitting in the multispin systems cou
y “homogeneous” Hamiltonians in part reflects the impo
ility of separating the evolution into contributions from in
idual pairwise interactions.
For instance, we consider a “weak coupling” average H

ltonian

FIG. 8. Reliabilities of the geometrical parameters in a three-spin
amiltonian of Eq. [8]. The upper plot shows the reliabilities ofr andu, as a

ts value in the corresponding two-spin system.
g

e
o
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,
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g
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e
e
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e
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H 5 O
i,j

2dij I ixI jx. [8]

his Hamiltonian has the same form as the Hamiltonian
eteronuclearrecoupling using, for example, REDOR-ba
ulse sequences (18, 19), and assuming that the homonucl
oupling can be neglected or removed. It is also releva
ystems in which the dipolar couplings are so strongly sc
y weakly anisotropic motion that they may be “weak”
omparison with chemical shift differences (20). Here we hav
hosen an “xx” form for the Hamiltonian rather than the “zz”
orm so that it can be compared more directly with the ex
ments involving exchange of longitudinal magnetization c
idered up to this point. Unfortunately, as discussed in
ppendix, it appears rather unlikely that such a Hamilto
an be generated for homonuclear recoupling. There is a
hance that an experiment making use of such a Hamilto
ould be significantly more accurate for measuring lon
istances in multispin systems, since the effects of diffe
ouplings (large and small) are completely independent.
oteworthy that REDOR has already been applied to sys
f multiple spins (21, 22).
Figure 8 shows the reliabilities calculated for the “w

oupling” Hamiltonian in the model three-spin system.

tem for a single crystal orientation,VMR 5 (0, 0, 0), using the “weak coupling
nction ofx for y 5 3Å. The lower plot shows the reliabilities ofr divided by
sys
fu
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53DISTANCE MEASUREMENTS IN SOLID-STATE NMR
hough attempting to compare error bounds between very
erent experiments is fraught with difficulties, it is clear that
ccuracy has been improved dramatically, to the point w

he reliabilities in the two- and three-spin systems are f
imilar. Although the three-spin reliability is generally sign
cantly lower than the corresponding two-spin reliability, it c
xceed the two-spin value; the added information in the

erent cross-peak build-up curves (13 2, 13 3, 23 3) may
esult in the fitting to a three-spin system being less ambig
han the corresponding fit in the two-spin system, espec
hen the two-spin coupling is poorly resolved. There are a
pecial geometries for which the fitting is very inaccur
hese points change with the orientation of the crystal,
ince in practice it would be necessary to perform experim
ith a number of different orientations in order to “assign”
ignals, they do not pose a significant problem. Note how
elative reliability settles to a constant value in the “un
olved” limit at longer distances. This is also true for the s
iffusion Hamiltonian, Fig. 7, except that this ratio is v
uch smaller (of the order of 1024).
This suggests that, with suitable recoupling Hamiltoni

istances could be measured with high precision from s
rystals of compounds with nontrivial spin systems. As a
owever, structures of compounds that crystallize well
etermined by X-ray or neutron diffraction. Diffraction-bas

echniques are unable, however, to distinguish between s
isorder and temporal disorder caused by molecular mo
or such systems, NMR studies of single crystals, comb
ith results from diffraction experiments, are a potentially
ource of information about dynamics in the solid phase23).

owder Samples

Single-crystal studies remain something of a special c
nd for the most part, solid-state NMR studies involve pow
amples. Hence, we need to calculate the reliabilities that
fter integrating the signal over the isotropic distribution
rystallite orientations. This orientation dependence of the
ling constants inevitably results in broad frequency dom

ineshapes. As we have seen for the two-spin system
ccuracy is strongly limited by the relative difficulty of fitti

he powder patterns, whatever the form of the Hamiltonian
result, we might expect that the relative advantage o
eak coupling Hamiltonian could be reduced.
As has been observed previously, the calculation of de

ives of the model function with respect to the various par
ters in the reliability calculation makes it extremely sens

o the quality of the powder averaging (24). As a result, it is
ecessary to use a rather large number of crystallite ori

ions. Here we used 120a orientations and 200b orientations
istributed over a half-sphere. Fortunately powder avera
an be straightforwardly implemented in a parallel fashion,
he calculations were run on a Sun Ultra Enterprise 10000
he powder loop being divided into small “chunks” distribu
tedn
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s required among up to 8 processors. Even so, with a m
ata set consisting of 6 exchange curves of 64 points,
rated over 24,000 powder orientations, each data poin
uired about 5 minutes.
Figure 9a shows the result of the reliability calculation

he spin diffusion Hamiltonian in a powder sample, as a fu
ion of the position of the probe spin. As expected, the di
nce between the precision of the two- and three-spin ex
ents is much smaller for the powder sample than for

ingle crystal orientation considered earlier. The relative
bility is largest close to the spins, especially when the p
pin is close to the other fixed nucleus. That is to say, the s
erturbing effect of a third spin actually improves the accu
f the distance determination, since the observed sign
trongly dependent on position when all three spins are c
his effect is very local, however, and for the long distance

nterest (.4Å), the reliabilities are typically less than 10
ven 1% of their two-spin values, with the exception of so
arrow ridges of relatively high accuracy. Unfortunately,
eliabilities calculated from the powder-averaged signal ca
e simply analyzed in terms of contributions from individ
rientations. Hence, the detailed structure of Fig. 9 cann
ationalized directly in terms of special geometries, as was
or the single-crystal results.

The corresponding contour plot for the weak coupling H
ltonian, Fig. 9b, is very different. There is considerably
ariation in the relative reliability, which never drops sign
antly below unity.In other words, the precision of the thre
pin experiment is about the same as that of the two
xperiment.Although the comparison of the precision of t
uite different experiments usually involves too many assu

ions to be quantitatively useful, it is clear in this case tha
recision of the distances measured using a “weak coup
amiltonian in a multispin system are one or even two or
f magnitude better than those recovered from a spin-diffu

ike Hamiltonian.
To illustrate one of the major reasons for this difference,

0 shows the evolution in time of the three diagonal peak
wo different coupling Hamiltonians. In the case of the s
iffusion Hamiltonian, the strong coupling between the
onded spins has effectively quenched exchange with th
ote third spin. It is clearly impossible to determine

oupling (and the distance) between nonbonded spin pair
efinition, the strong coupling between the bonded spins
ot interfere with the evolution because of the weaker
lings under a Hamiltonian where the coupling terms mutu
ommute. Hence, for the weak coupling Hamiltonian, Fig. 1
he polarization of the remote spin exchanges with the bo
pins. Clearly under these circumstances it is possible to fi
oupling (and the distance) of the remote spin.
This effect can be quantified in terms of the amplitude

he various frequencies present in the time evolution.
ime-domain signal in the eigenbasis of the system Ham
ian is given by
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^Q~t!& 5 O
r ,s

Qrs
† ssr~0!exp~i ~v r 2 vs!t!, [9]

hereQ and s(0) are the observable operator and the in
ensity matrix, respectively, andv r is ther th eigenvalue of th
amiltonian, wherer spans the Hilbert space of the operat
he termQrs

† s sr(0) is the amplitude of the transitionr , s that
as the frequencyv r 2 v s. For simplicity we consider th
pecial geometry of Fig. 10 where the spins form an isos
riangle, that is, the remote spin is placed equidistantly from
wo fixed spins such that the couplings of the remote spin t
xed spins are identical. This symmetry allows the fur
lock diagonalization of the Hamiltonian and reduces the n
er of “allowed” transitions. Note that it is possible to der

FIG. 9. Reliability of distance measurement in a three-spin system,
he “weak coupling” Hamiltonians. The distance,r , is measured with respe
e

l

.

es
e
e
r
-

nalytical expressions for the evolution in terms of the rati
he couplings, since blocks of the symmetrized Hamilto
re no bigger than 23 2. These formulas can be rath
umbersome, however, and Fig. 11a shows the result o
erical diagonalization of the Hamiltonian and the resul

transition probabilities” as a function of the ratio between
ominally weak coupling and the coupling between the fi
pins. We are neglecting relaxation, and so this analysis is
irectly applicable to situations where the coupling is la

han the effective linewidth.
When the recoupled Hamiltonian has the same form a

omonuclear dipolar interaction, Fig. 11a, there is a si
onzero transition frequency; the remaining component o

tive to the two-spin case, in a powder sample using (a) the spin-diffus
to the fixed nucleus at (0.76, 0) Å.
rela
ct
volution has zero frequency, i.e., it is a constant offset. As the
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istance to the remote spin increases, the transition frequ
aturally tends toward that of the bonded pair. More sig
antly, its amplitude drops to zero. Since the fitting of
istance to the remote spin requires in effect the quantific
f this coupling, the reliability of the distance measurem
lso falls rapidly. It is also worth noting that, since there is o
ne frequency present, any errors in the estimate of the s
oupling (which is assumed to be known) will strongly aff
he quantification of the remote distance.

Unsurprisingly, this Fourier analysis of the time evolutio
impler for the weak coupling Hamiltonian, Fig. 11b. Ther
ingle oscillation of nonzero frequency present, whose
uency can be identified directly with the coupling between
emote and fixed spins (hence the linear slop of the log
lot). Because all the terms of the Hamiltonian commute

ransition probability is constant. Hence, the reliability of
oupling measurement does not fall as rapidly with distanc
s the case for noncommuting Hamiltonians.

It is worth noting that this “dipolar truncation” effect vari
idely between different noncommuting Hamiltonians. Fig
1c, for example, shows the corresponding plots for recou
sing the C7 sequence (7), or its more broad-band varian
25). This Hamiltonian for the spin pairi , j has the formHi , j

cT2,2
i , j 1 c* T2,22

i , j , wherec is a scaling factor. Although th
ifferent terms of this Hamiltonian do not commute, [Hi , j , Hj ,k]

0, the suppression of the oscillatory components of
agnetization as the distance increases is less marked th

FIG. 10. Diagonal peak intensities for magnetization exchange in a
iffusion and (b) the weak coupling Hamiltonians. The “probe” spin (lef
anc
cy
-

n
t

y
ng
t

s
-
e
g
e

as

e
g

e
for

he spin-diffusion Hamiltonian of Fig. 11a. Calculations
istance reliabilities for powders show that the C7 dou
uantum Hamiltonian indeed performs significantly better

he “spin diffusion” Hamiltonian, although not as well t
eak coupling Hamiltonian, particularly at longer distance

CONCLUSIONS

In this paper, we have considered the precision of dist
easurements obtained from fitting the evolution of a dipo

oupled spin system. For two-spin systems, the determin
f distance information from exchange under the influenc

he single dipolar coupling is straightforward. Leaving as
uestions of differing systematic errors, the accuracy is m

mized by using the Hamiltonian that recouples the dip
nteraction most strongly.

The more significant question addressed is whether
easible to determine geometrical information from system
ore than two dipolar-coupled spins. We have shown tha
nswer is strongly dependent on the nature of the cou
amiltonian. Using existinghomonuclearrecoupling Hamil

onians, and in particular those based on the normal h
uclear coupling Hamiltonian, it is clear that the comp

nterference between terms in a multispin system greatl
uces the precision of distance measurement. This is espe

rue at longer distances where weaker couplings are “
ated” by the presence of much stronger couplings. As

ree-spin system for a single orientation,VMR 5 (p/2, p/2, 0), under (a) the sp
st panel) is placed symmetrically between the fixed spins at a distance.
th
tmo
the
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umber of spins (and the number of free parameters) incre
he accuracy of the fitting can only diminish further. Thus, e
ssuming that the experimental exchange curves can be
ently fitted to simulations, it would seem that theprecise
easurement of distance information from the evolutio
ultispin systems is unlikely to be practical.
A notable exception occurs when the individual pair in

ctions of the Hamiltonian commute with each other, as is
ase forheteronuclearrecoupling inI NS systems if any homo
uclear coupling between theI spins can be neglected. In th
ase, added couplings simply cause sequential splittings
pectral features. As forJ couplings in the weak-coupling lim

n liquid-state NMR, the dipolar couplings in single crys
amples can then be accurately measured. Even in the po
here the simplicity of the single orientation signals is
cured by the orientational dependence of the couplings
ccuracy of the results derived from three-spin simulation
ery similar to those obtained from simple two-spin syste
his will also be true for larger spin systems. The simultane
easurement of large and small dipolar couplings not

imits the need for selective labeling, but would allow the
f known internuclear distances to calibrate the experim
arameters, such as the recoupling pulse sequence s

actor.
The ideal would obviously be to find ahomonuclearrecou-

ling Hamiltonian that satisfied the condition that pair coup
erms all commute with each other. As discussed in the ap
ix, it appears that this is unlikely with the conventio
pproach to creating average Hamiltonians using rotor
hronized pulse sequences. While broadband homonucle
oupling schemes are obviously appropriate for isolated
airs and for qualitative information on coupling streng

hey would seem to be of limited application for quantify
ouplings in complex spin systems.

APPENDIX

In this appendix, we can consider whether it is possib
se rotor-synchronized pulse sequences to create a zero
verage Hamiltonian in which different pair coupling ter
ommute with each other.
Although recoupling Hamiltonians that contained mult

pin coupling terms, such asI ixI jyI kx, may be of interest in the
wn right, we are here only concerned with Hamiltonians
etain the normal form of a pair coupling Hamiltonian. In ot
ords, the coupling term for a given spin pairi , j contains only
ilinear terms ini and j . Such a Hamiltonian can be writte

FIG. 11. Amplitude and frequency of the oscillations present in the e
rientation using (a) a spin diffusion Hamiltonian, (b) the “weak coupling”
re drawn with the same line type, with a longer dashed line being u
ymmetrically between the fixed spins and thex coordinate is the ratio betw
rrow marks the geometry of Fig. 10.
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Hij 5 I¢ i z A z I¢ j
T [10]

here I¢ i is the vector of spin operators, (I ix, I iy, I iz). The
atrix A describes the linear combination,Axx being the co
fficient of the I ixI jx operator, etc. Hence, the heteronuc
amiltonian hasAzz 5 2 as its only nonzero element, while t
omonuclear coupling would be represented

Ahomo5 S 21 0 0
0 21 0
0 0 2

D . [11]

We now find the form ofA such that all the couplin
amiltonians commute. Terms that share no common s
ust commute, [Hij , Hkl] 5 0, as must terms with themselv

Hij , Hij ] 5 0. Hence, the condition that the coupling Ha
ltonians mutually commute rests on the commutators o
orm [Hij , Hjk]. We can expand this commutator in terms
he matrixA:

@Hij , Hjk# 5 @O
m,n

I imAmnI kn, O
m9,n9

I jm9Am9n9I kn9# [12]

5 O
m,n9

I imI kn9 O
m9,n

AmnAm9n9@I jn, I jm9#. @13#

For this commutator to be identically zero, we require

O
m9,n

AmnAm9n9@I jn, I jm9# ; 0 ; m, n9. [14]

Using the properties of commutators, [A, B] 5 2[B, A]
nd [A, A] 5 0, we can write this as

O
m9

O
n.m9

AmnAm9n9@I jn, I jm9# 1 Amm9Ann9@I jm9, I jn# [15]

5 O
m9

O
n.m9

~ AmnAm9n9 2 Amm9Ann9!@I jn, I jm9# ; 0 ; m, n9.

[16]

ince the sums overm9 andn run uniquely over the nonze
ommutator pairingsxy 3 z, xz 3 2y, and yz 3 x, the
ondition that the Hamiltonian pairs commute with each o
s reduced to

ution of the magnetization of the remote spin in the three-spin system f
miltonian, (c) the C7 Hamiltonian. The amplitude and frequency for each transition

for the amplitude of any zero-frequency component. The remote sp
the coupling to the remote spin and the coupling between the fixed nu
vol
Ha
sed
een
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AmnAm9n9 ; Amm9Ann9 ; m, n9, m9, n with n . m9.

[17]

The general solution to this equation isAmn 5 ama n, i.e.,

A ; S axax axay axaz

axay ayay ayaz

axaz ayaz azaz

D . [18]

is then uniquely specified by three parameters,a x, a y, and
z. This condition is clearly true for the heteronuclear coup
amiltonian and false for the homonuclear coupling.
The next question is whether coupling matrices of this f

an be generated starting from the homonuclear coupling H
ltonian. The conventional approach to such a problem
nd a cyclic rotor-synchronized pulse sequence that creat
verage Hamiltonian with the required properties, at lea
ero order. This average Hamiltonian is determined via
nteraction or toggling frame that is rotated by the pul
rovided the RF is synchronized with the rotor and is cyclic

he sense that the interaction returns to its original orient
t the start of each rotor cycle), then the effective Hamilto

s given to zero order by the average of the interaction fr
amiltonian (26).
In terms of irreducible spherical tensor operators, the ho

uclear coupling at high field is proportional toT2,0. In its
nteraction frame representation at an arbitrary point in
otor cycle, this Hamiltonian will thus beT2,0 rotated throug

time- and sequence-dependent set of Euler angles.
otations simply transform the operators of a given rank (
) among themselves, the final zero-order average Hamilto
ust be a linear combination ofT2,m operators (7, 27)

H# ~0! 5 O
m522

2

cmT2,m cm 5 ~21! mc*2m . [19]

The elements of theA matrix (Cartesian representation) c
e expressed in terms of thecm coefficients for the spheric

ensor representation. Unfortunately it soon becomes app
hat no combination ofcm values can satisfy Eq. [18]. Becau

must be decomposed solely in terms of rank 2 compon
t must be traceless; hence,a z

2 5 2a x
2 2 a y

2. This means tha
z must be imaginary ifa x anda y are taken to be real, leadi

o imaginary off-diagonal elements ofA ( Axz and Ayz). It is
mpossible to generate a purely real matrix of the form of
18] that is also traceless. Imaginary components ofA canno
e generated by rotation fromT2,0 without breaking the con

ugation symmetry of thecm andc2m terms. The self-commu
ng Hamiltonian requires in effect the creation of an “isotrop

ixing HamiltonianI ixI jx 1 I iyI jy 1 I izI jz. Note thatA corre-
ponding to the heteronuclear coupling Hamiltonian, 2I izI jz,
as a nonzero trace and so cannot be decomposed into
g

m-
to
an
to
n
.

n
n
n
e

o-

e

ce
re
an

ent

ts,

.

rely

ank 2 terms. It thus appears thatcyclic rotor-synchronize
ulse sequences cannot be used to create an average H
ian with the desired properties.
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